Tolerance analysis is a key tool to predict the consequences of geometric variations on product quality. During the last decades, various approaches for the computer-aided tolerance analysis have been proposed, where each of them has specific advantages and disadvantages. In this contribution, three tolerance analysis approaches, namely tolerance stacks, vector loops, and the tolerance analysis based on the Small Displacement Torsor are quantitatively compared with the tolerance analysis based on Skin Model Shapes considering a typical case study. The novelty of the contribution lies in the profound assessment of these approaches and their results.
Introduction and Motivation
The presence of geometric part deviations is ubiquitous throughout the product life-cycle from manufacturing, to assembly, inspection, and product usage [1] . Since these geometric part deviations distinctly affect the function and quality of mechanical products, there is a strong necessity for companies to manage these geometric variations. In this regard, geometric dimensioning and tolerancing (GD&T) activities aim at specifying limits for such geometric part deviations in order to ensure the product function and to meet quality goals.
In this context, tolerance analysis is a key tool for product and process developers to predict the effects of inevitable part deviations on functional key characteristics of mechanical assemblies and to assess the consequences of variation on product quality [2, 3] . During the last decades, various approaches for the computer-aided tolerance analysis have been proposed, where each of them has specific advantages and disadvantages. However, most of these approaches imply shortcomings, such as the missing consideration of form deviations and the incomplete conformance to international standards for the geometric product specification and verification (GPS). With the aim to overcome these shortcomings, the concept of Skin Model Shapes as a novel approach for modelling product shape variability and for the computer-aided tolerance analysis has been developed [4, 5] . It is based on the Skin Model as a fundamental concept of modern GPS standards [6] and employs discrete geometry schemes, such as surface meshes and point clouds, for the virtual representation of deviated workpieces.
The aim of this contribution is the quantitative assessment of this novel approach for the tolerance analysis in comparison to established tolerance analysis methods, where the focus is laid upon rigid mechanical assemblies. This comparison is performed employing a typical tolerance analysis case study.
State of the Art and Related Work
Tolerancing aims at specifying allowable limits for geometric part deviations, which inevitably result from manufacturing imprecisions [7] , to ensure the product assemblability and functional requirements [2, 8] . In this context, tolerance analysis is a key tool to predict the effects of geometric part deviations on assembly characteristics without the need for physical mockups, where "the objective of tolerance analysis is to check the extent and nature of the variation of an analyzed dimension or geometric feature of interest for a given GD&T scheme" [9] .
Three main issues in tolerancing research regarding the tolerance analysis are to establish mathematical models for the expression and representation of geometric deviations, geometric specifications, and geometric requirements, to model the effects of these geometric deviations on the assembly and the system behaviour, and to provide solution techniques for these models, such as worst-case or statistical evaluations [10] . During the last decades, various approaches have been proposed in order to solve these issues, which can roughly be classified as deviation accumulation methods, where the functional key characteristic is expressed as a function of geometric part deviations, and tolerance accumulation approaches, where the tolerance zones to be analysed are expressed as subsets of multidimensional spaces, accumulated (using Minkowski sum and intersection), and compared to the functional subset in the multidimensional space [2] . For both of these categories, several approaches have been proposed, such as parametric tolerance analysis [11] , simple tolerance stacks [9] , solid offsets [12] , vector loops [13] , and based thereon the direct linearization method [14] , which are deviation accumulation methods, and the tolerance analysis based on the Small Displacement Torsor [15, 16] , ToleranceMaps R [17] , deviation domains [18] and their expression by polytopes [19] as well as their use for the formulation of the tolerance analysis issue in quantifier notion [2] , which are tolerance accumulation approaches.
These approaches are also the basis for tolerance analysis software [9, 20] , such as MECAMaster R , which is based on the SDT, 3DCS R , VSA R , and CeTol R , which use parametric approaches (CeTol R used vector loops in former versions), and PolitoCAT R , which employs polytopes. Furthermore, a considerable number of review papers highlighting the similarities and differences of the aforementioned approaches exist, such as [9, 11, 17, [21] [22] [23] [24] . Based on these works, it can be found, that most of the proposed tolerance analysis methods are not capable of holistically considering form deviations, are consequently not fully conform to tolerancing standards and imply shortcomings regarding the combination of 3D tolerance zones, envelope and independence principles, material condition modifiers, and datum precedence.
In contrast to these established approaches, the concept of Skin Model Shapes [4, 5] employs discrete geometry representation schemes, such as point clouds and surface meshes, for the representation of parts and assemblies considering all kinds of geometric deviations and grounds on the Skin Model as a fundamental concept of modern GPS standards.
Overview of considered Tolerance Analysis Approaches
As it has been argued, various approaches for the computeraided tolerance analysis have been proposed during the last decades, where three major approaches are tolerance stacks, vector loops, and the tolerance analysis based on the Small Displacement Torsor (SDT). In contrast to these approaches, the tolerance analysis employing discrete geometry representations of deviated workpieces considering form deviations is a novel method. In the following, these four approaches are briefly highlighted before they are applied to a typical case study.
Tolerance Stacks. Tolerance stacks are a simple and straightforward approach to model the effects of part deviations on distances between different part features in an assembly. In this regard, tolerance stacks include most often only dimensional tolerances, though modern modifications of this method also consider geometric tolerances [9] . The procedure of performing the tolerance analysis based on tolerance stacks comprises firstly the definition of a stack coordinate system, secondly the identification of the stack path and the formulation of the stack equation, and finally the evaluation of the stack equation using worst-case or Monte-Carlo methods [9] .
Vector Loops. In contrast to tolerance stacks, where traditionally only dimensional part deviations are modelled, vector loops also consider geometric part deviations and kinematic variations [13] . The mechanical assembly is modelled as a loop of vectors, where each of these vectors represents an assembly dimension, which in turn may be either a dimensional part deviation, a geometric part deviation, or a kinematic variation. In this regard, geometric part deviations are only considered as the effect they may have on mating points between parts and kinematic variations denote the kinematic effects of dimensional and geometric part deviations on the mating parts [24] .
The different steps for performing a tolerance analysis using the vector loop model involve the creation of the assembly graph, the definition of datum reference frames for the different parts, the definition of kinematic joints and the creation of datum paths, the identification of vector loops, and the derivation of stack-up equations [24] .
Small Displacement Torsor. The Small Displacement Torsor (SDT) describes the displacement of a geometric element by a translation vector and a linearised rotation matrix written as a three-element rotation vector [15] , i. e. the SDT τ is given as τ = t ω with t, ω ∈ R 3×1 . With this, the displacement Δp of a point p is expressed as:
where t is the vector of translations, i. e. t = t x t y t z , ω is the vector of rotations, i. e. ω = α β γ , and × is the cross-product. Thus, the SDT can be used to express the displacement of each part in an assembly, leading to the part SDT, the displacement of points on a toleranced feature, leading to the deviation SDT, and the relative displacement between two parts, leading to the gap SDT [15] . As the allowable displacements of each point on a toleranced feature are constrained by the respective tolerance zone(s), inequations between the entries of the deviation SDT and the respective tolerances can be formulated, which leads to the concept of deviation domains [18] . These constraints and consequently the boundaries of the deviation domains are in general not linear [19] . However, there are approaches to express the deviation domains by polytopes and thus to replace the non-linear constraints by sets of linear constraints. For more details, the reader is referred to [18, 19] .
The tolerance analysis employing the SDT concept is performed by propagating the different SDTs using Minkowski sums and intersections to obtain the possible deviations of a feature or point of interest [16, 19] .
Skin Model Shapes. In contrast to the aforementioned approaches, the tolerance analysis based on Skin Model Shapes (SMS) is a novel method, which allows the consideration of form deviations and is conform to international standards for the GPS. Skin Model Shapes are specific outcomes of the Skin Model [6] as a basic concept of modern standards for the geometric product specification and verification employing discrete geometry representation schemes, such as point clouds and surface meshes [4] . The tolerance analysis based on Skin Model Shapes [25] comprises the generation and scaling of deviated workpiece representatives according to specified toler-ances [26] , their processing using computational geometry algorithms for the relative positioning and assembly simulation [27] , as well as the measurement of functional key characteristics (FKC) from the simulated assemblies (see Fig. 1 ).
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Case Study
In order to provide a quantitative comparison between the different tolerance analysis approaches, a typical case study consisting of four parts as shown in Fig. 2 is analysed. The cubes are subsequently assembled on the clip, where a threepoint-move is applied in negative z-direction and a two-pointmove is performed in negative x-direction resulting in three contact points between the respective cube and the clip and two contact points between the respective cube and the previous cube or clip, respectively. The functional key characteristics are the position variation pos of the feature of interest with reference to the datums A and B on the clip and its parallelism variation par with reference to A and B. In this regard, par comprises only the orientation defects of the feature of interest with reference to the datum system and pos comprises also the location defects (see Fig. 3 ).
Tolerance Analysis using Tolerance Stacks. The tolerance analysis based on tolerance stacks starts with the definition of a stack coordinate system and the formulation of the stack path, which can be seen from Fig. 4 . The stack equation yields to:
The position deviation pos of every assembly can then be calculated from its actual length l and the nominal length l by:
Since tolerance stacks traditionally do not consider geometric part deviations, the position tolerances given in Fig.  2 ( (3) and (7)) are converted to dimensional part deviations, where each of the position tolerances is interpreted as a dimensional tolerance lying symmetrically around the nominal part dimension, leading to l 0 ∈ 10.0 ± 1.0/2, l 1 ∈ 50.0 ± 1.0/2, l 2 ∈ 70.0 ± 1.0/2, and l 3 ∈ 30.0 ± 1.0/2. The stack equation is then used to determine the worst-case and it is evaluated statistically, where the results are discussed in the last paragraph.
Tolerance Analysis using Vector Loops. In contrast to the tolerance analysis based on tolerance stacks, gaps between the parts due to their geometric deviations are considered in the vector loop approach. Thus, with the gaps g i→i+1 between the parts i and i + 1, the vector loop (1D) is obtained as (see Fig. 5 ):
The gaps g i→i+1 depend on the geometric deviations of the mating parts, which result from the perpendicularity tolerances ( (1), (5)) and the parallelism tolerances ((2), (6)). In this regard, each of these tolerances lead to a rotation around the y-axis of the corresponding feature. From these rotations around the yaxis of the mating features and the part heights h i,i+1 , the gap between each two parts can be computed by:
where β i ∈ [−t (2, 6) /h i ; t (2,6) /h i ] is the orientation defect of part i around the y-axis due to the parallelism tolerance t (2, 6) and β i+1 ∈ [−t (1, 5) /h i+1 ; t (1, 5) /h i+1 ] the orientation defect around the y-axis of part i+1 due to the perpendicularity tolerance t (1, 5) (see Fig. 6 ). Thus, depending on the rotations of the mating features, the gap between two parts takes a value between min(g i→i+1 ) = 0 (when β i and β i+1 balance out) and max(g i→i+1 ) = 0.5 · (t (2,6) + t (1, 5) ), whereas the gap g Start→0 = t (1,5) /2 and g 3→End = t (2,6) /2. In contrast to the orientation tolerances, the position tolerances ((3) and (7)) are considered to have no effect on the feature rotations and hence on the gaps, but only on the part dimensions l * i . However, it has to be noticed, that the parallelism tolerances ( (2), (6)) are covered by the position tolerances ((3), (7)) and that the perpendicularity tolerances ( (1), (5)) have an effect on the effective part length. This can be seen from Fig. 6 , where it can be found, that the part length l * i results from the total part length l i as l * i ∈ (l i − t (1, 5) /2) ± (t (3,7) − t (2, 6) ) with t (3, 7) being the value of the position tolerance ((3), (7)). Hence, the l * i result to l * 0 ∈ 9.75 ± 0.5/2, l * 1 ∈ 49.75 ± 0.5/2, l * 2 ∈ 69.75 ± 0.5/2, and l * 3 ∈ 29.75 ± 0.5/2.
Similarly to the tolerance analysis based on tolerance stacks, the length of the vector loop of an assembly in equation (4) leads to the position deviation pos = 2 · |l * − l|.
Tolerance Analysis employing the SDT. As it has been mentioned, the tolerance analysis employing the SDT requires firstly the expression of the specified tolerances as constraints on the components of the deviation SDT for toleranced features and then their propagation using Minkowksi sums and intersections. By doing so, the domain of possible deviations of a feature or point of interest is obtained. For this case study, a focus is laid upon the deviations of the feature of interest regarding the rotations around the y-and z-axis (β and γ) to finally calculate the parallelism deviation par. In order to perform this, the tolerances leading to rotational feature defects are expressed as deviation domains considering the part positioning scheme. In this regard, the perpendicularity tolerances ( (1) and (5)) influence the feature rotations of the respective features around the y-axis (β), whereas the parallelism tolerances ( (2) and (6)) influence the feature rotations around the y-and the z-axis (β and γ). However, according to the positioning scheme, the feature rotations around the y-axis (β) of the preceding parts and features manifest in gaps between the parts without having an effect on the rotational feature deviations of the feature of interest (the feature rotation of the feature of interest around the yaxis is solely influenced by the parallelism tolerance (4)). Thus, the perpendicularity tolerances ( (1) and (5)) have no effect on the rotational feature deviations of the feature of interest around the analysed axes. In contrast to that, the parallelism tolerances ( (2) and (6)) affect the rotation of the feature of interest around the z-direction, where the deviation domains of the parallelism tolerances ( (2) and (6) . Moreover, the rotation of the feature of interest around the yaxis is solely influenced by the parallelism tolerance (4). However, as the effect of the parallelism tolerance (4) on the feature rotation around the x-axis is not analysed, the deviation domain of tolerance (4) can be simplified as can be seen from Fig. 7 .
As the deviation domains of all relevant tolerances have been identified, they can be propagated to obtain the deviation domain of the feature of interest with respect to the β and γ deviations, which can be seen from Fig. 8 . Tolerance Analysis by Skin Model Shapes. In order to analyse the effects of part tolerances on the assembly behaviour employing Skin Model Shapes, deviated surface meshes of the single parts are generated, which are then scaled to be conform to the specified tolerances. Thereafter, these part representatives are assembled according to the positioning scheme. Finally, the key characteristics are measured from the obtained assemblies. Fig. 9 shows an exemplary assembly with coarsened mesh and magnified form deviations. The nominal surface meshes of the parts have been generated using proprietary finite-element software, where mesh refinement has been applied to the mating surfaces (see Fig. 10 ).
Results of the Tolerance Analysis Approaches. The tolerance analysis approaches have been used to determine the FKCs of the study case, where worst-case as well as statistical evaluations of the tolerance analysis models have been performed. Table 1 highlights the considered tolerances in each approach. In this regard, the worst-case results for the tolerance analysis using tolerance stacks can be calculated as min(l) = 3 i=0 min(l i ) = 158; max(l) = 3 i=0 max(l i ) = 162 and consequently max(pos) = 2 · max(|l − l|) = 4 with l = 160. In contrast to that, the worst-case limits for the length of the vector loop in equation (4) result as min(l * ) = 158.5 and max(l * ) = 162.0 and hence again max(pos) = 4.0. The difference in the minimum length between the tolerance stack and the vector loop arises from the joint consideration of orientation and location tolerances. In contrast to that, the tolerance analysis based on Skin Model Shapes without consideration of form deviations gives max(pos) = 4.26. This is because also the effect of the parallelism tolerance (4) is considered, which leads to a rotation of the assembly around the y-axis and hence to an increased position deviation of the feature of interest. In contrast to that, the consideration of form deviations leads up to max(pos) = 5.35, which can be explained by irregular contact points between the parts due to form deviations, that accumulate through the assembly and lead to additional position deviations of the feature of interest. Furthermore, based on the results of the SDT approach for the worst possible feature rotations, the maximum parallelism deviation can be calculated as max(par) = 2.07, where it results from the tolerance analysis based on Skin Model Shapes as max(par) = 2.07 without and as max(par) = 1.76 with consideration of form deviations.
Beside the worst-case analysis, statistical evaluations have G the results of the statistical tolerance analysis with, and dev G without consideration of form deviations. It can be seen, that the tolerance analysis based on Skin Model Shapes also allows the worst-case analysis of orientation deviations and that the consideration of form deviations in the statistical tolerance analysis results in a slightly decreased spread of the orientation defects of the feature of interest due to irregular contact points compared to the case where the form deviations are nil.
In summary, it can be found, that the tolerance analysis based on Skin Model Shapes leads to comparable results as the three established tolerance analysis approaches for the case where the form deviations are considered to be nil. However, this novel approach also allows the consideration of form deviations in conformance to international GPS standards, which have, as it has been shown, distinct effects on the quality of mechanical assemblies. Thus, the tolerance analysis based on Skin Model Shapes allows a more realistic prediction of assembly characteristics in virtual product development and a hence supports holistic geometric variations management.
Conclusion and Outlook
Tolerance analysis is a key tool to predict the effects of inevitable part deviations on assembly characteristics. In this contribution, a novel approach for the computer-aided tolerance analysis, namely the tolerance analysis based on Skin Model Shapes, has been compared to three established tolerance analysis methods considering a typical case study of tolerancing research. Based on the obtained results, it can be found, that the consideration of form tolerances in conformance to GPS standards, which is enabled by Skin Model Shapes, leads to more realistic predictions of assembly characteristics.
However, works covering related tolerance analysis problems, such as over-constrained assemblies or case studies considering thermal expansion and part deformations, are to be performed in the future.
